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ARITHMETIC LEVEL RAISING ON TRIPLE PRODUCT OF SHIMURA
CURVES AND GROSS-SCHOEN DIAGONAL CYCLES II: BIPARTITE EULER
SYSTEM
HAINING WANG
Abstract. In this article, we study the Gross-Schoen diagonal cycle on the triple product of Shimura
curves at a place of good reduction. We prove the unramified arithmetic level raising theorem for
triple product of Shimura curves and we deduce from it the second reciprocity law which relates the
image of the diagonal cycle under the Abel-Jacobi map to certain period integral of Gross-Kudla type.
Along with the first reciprocity law we proved in a previous work, we show that the Gross-Schoen
diagonal cycles form a Bipartite Euler system for the symmetric cube motive of modular forms. As
an application we provide some evidence for the rank 1 case of the Bloch-Kato conjecture for the
symmetric cube motive of a modular form.
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2 HAINING WANG
1. Introduction
In a seminal work of Bertolini-Darmon [BD3], the authors constructed an Euler-Kolyvagin type
system using Heegner points on various Shimura curves. The cohomology classes in this system sat-
isfy beautiful reciprocity laws that resemble the so called Jochnowitz’s congruence. More precisely,
these reciprocity laws relate the Kummer images of the Heegner points to certain toric period inte-
grals via level raising congruences. One can consider the Heegner point classes as the incarnations
of the first derivatives of certain Rankin-Selberg L-functions at the central critical points in light of
the Gross-Zagier typer formula while the toric period integrals are the algebraic parts of the central
critical values of the Rankin-Selberg type L-functions as shown by the Gross’ formula. The reci-
procity laws alluded above are reflections of the congruences between the algebraic parts of the first
derivatives of the Rankin-Selberg L-functions and the algebraic parts of the central critical values
of the Rankin-Selberg type L-functions observed by Jochnowitz using computational method. Using
these reciprocity laws, Bertolini-Darmon are able to verify the one-sided divisibility of the Iwasawa
main conjecture for the Elliptic curves over the anticyclotomic extension over an imaginary quadratic
field. These reciprocity laws are also the backbone of Wei Zhang’s work [Zhang2] on verifying the
Kolyvagin’s conjecture. The method of Bertolini-Darmon is axiomatized by [How] and is given the
name of a Bipartite Euler system.
The present article is the natural continuation of [Wang] where we verified one of the reciprocity
laws. We will show below that the Gross-Schoen diagonal cycles on the triple product of Shimura
curves satisfy all the reciprocity laws needed to form a Bipartite Euler system for the triple product
motive of modular forms. However the Gross-Schoen diagonal cycles do not give a Bipartite Euler
system in the strict sense of [How] for quite obvious reasons. On the other hand, when the triple
tensor product motive degenerates and we can project the diagonal cycle classe to its symmetric cube
component, then they do form a Bipartite Euler system in the sense of [How].
1.1. Main results. In order to state our main results, we introduce some notations. Let l ≥ 5 be
a prime. Let f = (f1, f2, f3) be a triple of normalized newforms in S
new(Γ0(N))
3. Throughout this
article, we assume that we have a factorization N = N+N− with (N+, N−) = 1 and N− square free
and consists of even number of prime factors. For i = 1, 2, 3, let Ei = Q(fi) be the Hecke field of fi
and λi be a place of Ei above the prime l. We denote by Oi the ring of integers of the completion
Eλi of E at λi. Let ̟i be a uniformizer of Oi and let Oi,n = Oi/̟ni for any integer n ≥ 1. Let ki be
the residue field of Eλi . Let T be the l-adic completion of the Hecke algebra corresponding to the
subspace of modular forms of level Γ0(N) that is new at primes dividing N
−. The Hecke eigensystem
of fi gives rise to a morphism φi : T→ Oi whose reduction modulo ̟
n
i will be denoted by φi,n. The
kernel of this morphism will be denoted by Ii,n and the unique maximal ideal in T containing Ii,n
will be denoted by mi. We will denote by mf the triple of maximal ideals (m1,m2,m3). For i = 1, 2, 3,
we denote by
ρfi,λi : GQ → GL2(Eλi)
the λi-adic representation attached to fi whose representation space will be denoted by Vi and whose
residual representation will be denoted by ρ¯fi,λi .
Let B = BN− be the indefinite quaternion algebra of discriminant N
−. let X be the Shimura
curve over Q associated to B with a level structure given by an Eichler order of level N+. Let
D = DpN− be the definite quaternion algebra over Q and let X
D be the Shimura set associated to
D with a level structure given by an Eichler order of level N+. Let p be a prime away from N ,
then one can define an integral model X of X over Z(p) whose special fiber base-changed to Fp2 is
denoted by XF
p2
. It is well-known that supersingular locus is parametrized by the Shimura set XD.
For a prime q dividing N−, we will also consider the Shimura set XD
♭
0 (q) associated to the definite
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quaternion algebra D♭ of discriminant N−/q with a level structure given by an Eichler order of level
N+q. For each i = 1, 2, 3, we impose the following technical assumptions on the maximal ideal mi.
Notice that by the Jacquet-Langlands correspondence, the modular forms fi can be realized on the
space Γ(XD
♭
0 (q),OEλi ) of OEλi -valued continuous functions on X
D♭
0 (q).
Assumption 1. We make the following assumptions on mi.
(1) The residual Galois representation ρ¯fi,λi is absolutely irreducible.
(2) The space H1(XQac ,OEλi (1))/mi is two-dimensional over ki.
(3) There is a prime q | N− such that the space Γ(XD
♭
0 (q),OEλi )/mi is one-dimensional over ki.
Moreover at the prime q, the residual Galois representation ρ¯fi,λi is ramified.
We remark that these assumptions can be achieved by imposing more explicit conditions on the
residual Galois representation ρ¯fi,λi . For example, as we explained in the introduction of [Wang],
we can assume the CR+ conditions in [CH1] and [CH2] and verify the assumptions using Diamond’s
refinement [Dia] of the Taylor-Wiles method. Condition (3) in the above assumptions is used to prove
the unramified arithemtic level raising for the Shimura curve which asserts the Abel-Jacobi map on
the curve XF
p2
when restricted to the supersingular locus is an isomorphism for a level raising prime
p for f . In [BD3], this map is shown to be surjective based on the “Ihara’s lemma”. The refinement
of it to an isomorphism is crucial for us to construct the unramified arithmetic level raising map
for the triple product of Shimura curves. Such a refinement is inspired by the pioneering work of
Liu-Tian in [LT]. In [Wang], we introduced the notion of an n-admissible prime for the triple f which
we now recall. A prime p is n-admissible for the triple f = (f1, f2, f3) if for i = 1, 2, 3
(1) p ∤ Nl;
(2) l ∤ p2 − 1;
(3) ̟ni | p+ 1− ǫp,iap(fi) with ǫp,i ∈ {±1};
(4) ǫp,1ǫp,2ǫp,3 = 1.
Let p be an n-admissible prime for f . We denote T[p] the l-adic completion of the Hecke algebra
corresponding to the subspace of modular forms of level Γ0(pN) that is new at primes dividing pN
−.
For an integer n ≥ 1 and i = 1, 2, 3, let φ
[p]
i,n : T
[p] → OEλi/̟
n be the map that agrees with φi,n
at all the Hecke operators away from p and sends Up to ǫp,i. We denote by I
[p]
i,n the kernel of φ
[p]
i,n.
The triple product of Hecke algebras T×T×T acts naturally on the l-adic cohomology of the triple
product of Shimura curves X3. By the Ku¨nneth formula, it makes sense to localize the cohomology
of X3 at mf = (m1,m2,m3). We set T
3
mf
= Tm1 × Tm2 × Tm3 . Let
M(f)(−1) = H3(X3 ⊗Qac,Zl(2))mf ⊗T3mf
Oλ
where Oλ = OEλ1 ⊗OEλ2 ⊗OEλ3 and let
Mn(f)(−1) = H
3(X3 ⊗Qac,Zl(2))mf ⊗T3mf
Oλ,n
∼= ⊗3i=1H
1(X3 ⊗Qac,Oi(1))/Ii,n
whereOλ,n = OEλ1 ,n⊗OEλ2 ,n⊗OEλ3 ,n. The first main result of this article is the following unramified
arithmetic level raising theorem for the triple product of Shimura curves.
Theorem 2. Let p be an n-admissible prime for f . We assume that each maximal ideal in the triple
mf = (m1,m2,m3) satisfies Assumption 1. Then ⊗
3
i=1Γ(X
D,OEλi )/I [p]i,n
is free of rank 1 over Oλ,n.
And we have the following isomorphism
Φf ,n : ⊕
3
j=1(⊗
3
i=1Γ(X
D,OEλi )/I [p]i,n
) ∼= H1(Fp,Mn(f )(−1))
4 HAINING WANG
between Oλ,n-modules of rank 3.
Let p be an n-admissible prime for f . We consider the diagonal embedding of X into its triple fiber
product over Z(p)
θ : X→ X3.
This gives a class θ∗[X⊗Q] ∈ CH
2(X3⊗Q) which will be referred to as the the Gross-Schoen diagonal
cycle. In §3.3, we will introduce the Abel-Jacobi map for M(f )(−1)
AJf : CH
2(X3 ⊗Q)→ H1(Q,M(f )(−1))
and the Abel-Jacobi map for Mn(f)(−1)
AJf ,n : CH
2(X3 ⊗Q)→ H1(Q,Mn(f)(−1)).
We denote by Θ ∈ H1(Q,M(f )(−1)) the image of θ∗[X ⊗Q] under AJf and similarly we denote by
Θn ∈ H
1(Q,Mn(f)(−1)) the image of θ∗[X ⊗Q] under AJf ,n. These elements will be referred to as
the Gross-Schoen diagonal cycle classes. We will define a natural bilinear pairing
( , ) : ⊗3i=1Γ(X
D,OEλi )/I [p]i,n
×⊗3i=1Γ(X
D,OEλi )[I
[p]
i,n]→ Oλ,n
in §3.3. The localization locp(Θn) of Θn can be viewed as an element in H
1(Fp,Mn(f )(−1)) which
in turn can be viewed as an element in ⊕3j=1(⊗
3
i=1Γ(X
D,OEλi )/I [p]i,n
) via the isomorphism Φf ,n in
Theorem 2. We will denote by loc
(j)
p (Θn) the component of locp(Θn) in the j-th copy of
⊕3j=1(⊗
3
i=1Γ(X
D,OEλi )/I [p]i,n
)
for j = 1, 2, 3. The second main result in this article is the following reciprocity formula for the
Gross-Schoen diagonal cycle class which we will refer to as the second reciprocity law.
Theorem 3. Let p be an n-admissible prime for f . Suppose each mi ∈ mf satisfies the Assumption
1. Then the following formula
(loc(j)p (Θn), φ1 ⊗ φ2 ⊗ φ3) =
∑
z∈XD
φ1(z)⊗ φ2(z)⊗ φ3(z)
holds for every φ1 ⊗ φ2 ⊗ φ2 ∈ ⊗
3
i=1Γ(X
D,OEλi )[I
[p]
i,n] and j = 1, 2, 3.
Next we consider a pair of n-admissible primes p = (p, p′) for f . Consider the indefinite quaternion
algebra B♮ of discriminant N−pp′. Then we can associate to it a Shimura curve over Q denoted by
X♮ and its integral model X♮ over Z(p′). Since p, p
′ are n-admissible primes for f , we have a triple of
morphisms φ
[p]
i,n : T
[p] → OEλi ,n, with kernel I
[p]
i,n and the maximal ideal m
[p]
i , that are the level raising
of the morphisms φi,n. Here the Hecke algebra T
[p] is the l-adic Hecke algebra corresponding to the
subspace of S2(Γ0(Npp
′)) which is new at primes dividing N−pp′. We consider the natural diagonal
morphism
θ♮ : X♮ → X♮3.
And we define the Galois module M
[p]
n (f) by
M
[p]
n (f) = H
3(X♮3 ⊗Qac,Zl(1))
m
[p]
f
⊗
T
[p]3
mf
Oλ,n
∼= ⊗3i=1H
1(X♮3 ⊗Qac,Oi(1))
/I
[p]
i,n
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where T
[p]3
mf
= T
[p]
m
[p]
1
× T
[p]
m
[p]
2
× T
[p]
m
[p]
3
and define the Abel-Jacobi map
AJ
f [p],n
: CH2(X♮ ⊗Q)→ H1(Q,M
[p]
n (f)(−1))
similarly as in previous discussions. We denote by Θ
[p]
n ∈ H1(Q,M
[p]
n (f)(−1) the image of θ
♮
∗[X
♮ ⊗Q]
under AJ
f [p],n
. The following theorem summarizes the ramified level raising for triple product of
Shimura curves and the first reciprocity law which are the main results of our previous work [Wang].
Theorem 4. Let p = (p, p′) be a pair of n-admissible primes for f . Suppose each mi ∈ mf satisfies
Assumption 1. Then there is an isomorphism
⊕3j=1(⊗
3
i=1Γ(X
D,OEλi )/I
[p]
i,n)
∼= H1sing(Qp′ ,M
[p]
n (f)(−1))
of modules of rank 3 over Oλ under which
(∂
(j)
p′ Θ
[p]
n , φ1 ⊗ φ2 ⊗ φ3) = (p
′ + 1)3
∑
z∈XD
φ1(z)⊗ φ2(z)⊗ φ3(z)
holds for any φ1 ⊗ φ2 ⊗ φ3 ∈ ⊗
3
i=1Γ(X
D,OEλi )[I
[p]
i,n] and j = 1, 2, 3. Here ∂p′Θ
[p]
n is the singular
residue of Θ
[p]
n at p′ and ∂
(j)
p′ Θ
[p]
n is its j-th component in ⊕3j=1(⊗
3
i=1Γ(X
D,OEλi )/I
[p]
i,n).
Combing Theorem 3 and Theorem 4, we arrive at the following equation
(∂
(j)
p′ Θ
[p]
n , φ1 ⊗ φ2 ⊗ φ3) = (1 + p
′)3(loc(j)p (Θn), φ1 ⊗ φ2 ⊗ φ3)
for any φ1⊗φ2⊗φ3 ∈ ⊗
3
i=1Γ(X
D,Oi)[I
[p]
i,n]. This shows that (Θn,Θ
[p]
n ) form a Bipartite Euler system
in a weaker sense: these classes do satisfy all the required reciprocity laws, however the singular and
finite part are both of rank 3 as opposed to of rank 1 which is required by the definition in [How].
1.2. The symmetric cube motive. Consider the case when f = (f, f, f) for a single modular form
f ∈ Snew2 (Γ0(N)) with N = N
+N− such that (N+, N−) = 1 and N− is square free with even number
of prime factors. Let Vf,λ be the representation space of ρf,λ and let V(f )(−1) = V
⊗3
f,λ(−1) be the
triple tensor product representation. Then we have the following factorization
V(f)(−1) = Sym3Vf,λ(−1)⊕Vf,λ ⊕Vf,λ
and we refer to V⋄(f )(−1) := Sym3Vf,λ(−1) as the symmetric cube component of V(f)(−1). The
triple product L-function L(f ⊗ f ⊗ f, s) factors accordingly as
L(f ⊗ f ⊗ f, s) = L(Sym3f, s)L(f, s− 1).
We project the class Θf ∈ H
1(Q,V(f )(−1)) which is the image of the Gross-Schoen diagonal class
θ∗[X⊗Q] under the Abel-Jacobi map
AJf ,Q : CH
2(X3 ⊗Q)→ H1(Q,V(f )(−1))
to the symmetic cube component to obtain a class Θ⋄f ∈ H
1(Q,V⋄(f)(−1)). In light of the Gross-
Zagier formula for the symmetric cube L-function and the conjectural injectivity of the Abel-Jacobi
map, the class Θ⋄f should be nontrivial if the first derivative L
′(Sym3f, s) is non-vanishing at s = 2.
We define the symmetric cube Bloch-Kato Selmer group H1f (Q,V
⋄(f)(−1)) in the usual way. Using
the reciprocity laws proved in this article and in [Wang], our last result in this article is the following
theorem towards the rank 1 case of the Bloch-Kato conjecture for the symmetric cube motive of the
modular form f .
Theorem 5. Suppose that the modular form f satisfies the following assumptions:
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(1) the maximal ideal mf satisfies Assumption 1;
(2) the residual Galois representation ρ¯f,λ is surjective.
If the class Θ⋄f ∈ H
1(Q,V⋄(f)(−1)) is non-zero, then the symmetric cube Selmer group
H1f (Q,V
⋄(f)(−1))
is of dimension 1 over Eλ.
Note in the symmetric cube case, the class (Θ⋄n,Θ
⋄[p]
n ) defined similarly as in the previous setting
do form a Bipartite Euler system in the sense of [How] and therefore Theorem 5 follows from a
Kolyvagin type argument using the Bipartite Euler system we constructed.
1.3. Notations and conventions. We will use common notations and conventions in algebraic
number theory and algebraic geometry. The cohomologies appeared in this article will be understood
as the e´tale cohomology. For a field K, we denote by Kac the separable closure of K and put
GK := Gal(K
ac/K) the Galois group of K. We let A be the ring of ade`les over Q and A∞ be the
subring of finite ade`les. For a prime p, A∞,(p) is the prime-to-p part of A∞.
Let K be a local field with ring of integers OK and residue field k. We let IK be the inertia
subgroup of GK . Suppose M is a GK -module. Then the finite part H
1
fin(K,M) of H
1(K,M) is defined
to be H1(k,MIK ) and the singular part H1sing(K,M) of H
1(K,M) is defined to be the quotient of
H1(K,M) by the image of H1fin(K,M).
We provide a list of quaternion algebras that we will use in this article
• B is the indefinite quaternion algebra of discriminant N−.
• D is the definite quaternion algebra of discriminant pN−.
• B♭ is the indefinite quaternion algebra of discriminant pN−/q.
• D♭ is the definite quaternion algebra of dicriminant N−/q.
• B♮ is indefinite quaternion algebra of discriminant pp′N− for n-admissible primes p and p′.
Acknowledgements. We would like to thank Henri Darmon for valuable discussions on this topic.
We would like to thank Minglun Hsieh for introducing the work of Bertonili-Darmon to the author
in graduate school and for his interest to the present work. We also acknowledge the deep debt this
article owes to the pioneering works of Bertonili-Darmon, Liang Xiao, Yifeng Liu and Yichao Tian.
We are truly grateful to Pengfei Guan for his generous support in the unsettling period of time during
which this article was written.
2. Arithmetic level raising for Shimura curves
2.1. Weight spectral sequence of semi-stable curves. Let K be a henselian discrete valuation
field with residue field k with characteristic p and valuation ring OK . We fix a uniformizer π of OK .
We set S = Spec(OK), s = Spec(k) and η = Spec(K). Let K
ac be a separable closure of K and
Kur the maximal unramified extension of K in K
ac. We denote by kac the residue field of Kur. Let
IK = Gal(K
ac/Kur) ⊂ GK = Gal(K
ac/K) be the inertia group. Let l be a prime different from p.
We set tl : IK → Λl(1) to be the canonical surjection given by
σ 7→ (σ(π1/l
m
)/π1/l
m
)m
for every σ ∈ IK .
Let X be a strict semi-stable scheme over S purely of relative dimension n which we also assume
to be proper. This means that X is locally of finite presentation and Zariski locally e´tale over
Spec(OK [X1, · · · ,Xn]/(X1 · · ·Xr − π))
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for some integer 1 ≤ r ≤ n. We let Xk be the special fiber of X and Xkac be its base-change to k
ac.
Let X = Xη be the generic fiber of X and XKur be its base-change to Kur. We have the following
natural maps i : Xk → X, j : X → X, i¯ : Xkac → XOKur and j¯ : XKur → XOKur . Throughout this
article, we fix a prime l ≥ 5. Let Λ be Z/lv,Zl or an finite extension of Zl. We have the Nearby cycle
sheaf given by
RqΨ(Λ) = i¯∗Rqj¯∗Λ.
and the Nearby cycle complex given by
RΨ(Λ) = i¯∗Rj¯∗Λ.
By proper base-change, we have H∗(Xkac , RΨ(Λ)) = H
∗(XKac ,Λ). We regard the latter as an object
in the derived category D+(Xkac ,Λ[IK ]) of sheaves of Λ-modules with continuous IK -actions. Let
D1, · · · ,Dm be the set of irreducible components of Xk. For each index set I ⊂ {1, · · · ,m} of
cardinality p, we set XI,k = ∩i∈IDi. This is a smooth scheme of dimension n−p. For 1 ≤ p ≤ m−1,
we define
X
(p)
k =
⊔
I⊂{1,··· ,m},Card(I)=p+1
XI,k
and let ap : X
(p)
k → Xk be the natural projection, we have ap∗Λ = ∧
p+1a0∗Λ.
Let T be an element in IK such that tl(T ) is a generator of Zl(1) then T induces a nilpotent
operator T − 1 on RΨ(Λ). Let N = (T − 1)⊗ T˘ where T˘ ∈ Zl(−1) be the dual of tl(T ). Then with
respect to this N , we have the Monodromy filtration on RΨ(Λ) characterized by
(1) MnRΨ(Λ) = 0 and M−n−1RΨ(Λ) = 0;
(2) N : RΨ(Λ)(1)→ RΨ(Λ) sends MrRΨ(Λ)(1) into Mr−2RΨ(Λ) for r ∈ Z;
(3) N r : GrMr RΨ(Λ)(r)→ Gr
M
−rRΨ(Λ) is an isomorphism.
The Monodromy filtration induces the weight spectral sequence
(2.1) Ep,q1 = H
p+q(Xkac , Gr
M
−pRΨ(Λ))⇒ H
p+q(Xkac , RΨ(Λ)) = H
p+q(XKac ,Λ).
The E1-term of this spectral sequence can be made explicit by
Hp+q(Xkac , Gr
M
−pRΨ(Λ)) =
⊕
i−j=−p,i≥0,j≥0
Hp+q−(i+j)(X
(i+j)
kac ,Λ(−i))
=
⊕
i≥max(0,−p)
Hq−2i(X
(p+2i)
kac ,Λ(−i)).
This spectral sequence is first found by Rapoport-Zink in [RZ] and thus is also known as the Rapoport-
Zink spectral sequence.
Let X be a relative curve over Spec(OK). The following convention will used throughout this
article: we will write H∗(ap∗Λ) instead of H
∗(Xkac , ap∗Λ) = H
∗(X
(p)
kac ,Λ). Then we immediately
calculate that
GrM−1RΨ(Λ) = a1∗Λ[−1],
GrM0 RΨ(Λ) = a0∗Λ,
GrM1 RΨ(Λ) = a1∗Λ[−1](−1).
The E1-page of the weight spectral sequence is given by
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2 H0(a1∗Λ)(−1) H
2(a0∗Λ)
1 H1(a0∗Λ)
0 H0(a0∗Λ) H
0(a1∗Λ)
−1 0 1
and it clearly degenerates at the E2-page. We therefore have the monodromy filtration
0 ⊂E
1,0
2 M1H
1(XKac ,Λ) ⊂
E0,12 M0H
1(XKac,Λ) ⊂
E−1,22 M−1H
1(XKac ,Λ) = H
1(XKac ,Λ)
with the graded pieces given by
(2.2)
GrM−1H
1(XKac ,Λ) = ker[H
0(a1∗Λ(−1))
τ
−→ H2(a0∗Λ)]
GrM0 H
1(XKac ,Λ) = H
1(a0∗Λ)
GrM1 H
1(XKac ,Λ) = coker[H
0(a0∗Λ)
ρ
−→ H0(a1∗Λ)]
where τ is the Gysin morphism and ρ is the restriction morphism. Note that the monodromy action
on H1(XKac ,Λ(1)) can be understood using the following commutative diagram
H1(XKac ,Λ(1)) ker[H
0(a1∗Λ)
τ
−→ H2(a0∗Λ(1))]
H1(XKac ,Λ) coker[H
0(a0∗Λ)
ρ
−→ H0(a1∗Λ)]
N N
In this case, we recover the Picard-Lefschetz formula if we identify H0(a1∗Λ) with the vanishing cycles⊕
xRΦ(Λ)x on Xkac where x runs through the singular points X
(1)
k on Xk, we refer the reader to
[Ill1, Example 2.4.6] for the details about this case.
Let M be a GK -module over Λ, then we have the following exact sequence of Galois cohomology
groups
(2.3) 0→ H1fin(K,M) → H
1(K,M)
∂p
−→ H1sing(K,M) → 0
where H1fin(K,M) = H
1(k,MIK ) is called the unramified or finite part of the cohomology group
H1(K,M) and H1sing(K,M) defined as the quotient of H
1(K,M) by its finite part is called the singular
quotient of H1(K,M). The natural quotient map H1(K,M)
∂p
−→ H1sing(K,M) will be referred to as the
singular quotient map. Let M = Hn(XKac ,Λ(r)) be r-th twist of the middle degree cohomology of
XKac . We need the following elementary lemma.
Lemma 2.1. Let M = Hn(XKac ,Λ(r)), then we have
H1fin(K,M)
∼= (
MIK
(Frobp − 1)
), H1sing(K,M)
∼= (
M(−1)
NM
)Gk .
Proof. This is well-known. The details can be found for example [Liu2, Lemma 2.6]. 
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Now let M = H1(XKac ,Λ(1)), we can use the Picard-Lefschetz formula. Then we have
(2.4) H1sing(K,M)
∼= (
M(−1)
NM
)Gk ∼= (
coker[H0(a0∗Λ)
ρ
−→ H0(a1∗Λ)]
N ker[H0(a1∗Λ)
τ
−→ H2(a0∗Λ(1))]
)Gk
Composing τ and ρ, we have
(
coker[H0(a0∗Λ)
ρ
−→ H0(a1∗Λ)]
N ker[H0(a1∗Λ)
τ
−→ H2(a0∗Λ(1)))]
)Gk ∼= coker[H0(a0∗Λ)
ρ
−→ H0(a1∗Λ)
τ
−→ H2(a0∗Λ(1))]
Gk .
and thus we have
(2.5) H1sing(K,M)
∼= coker[H0(a0∗Λ)
ρ
−→ H0(a1∗Λ)
τ
−→ H2(a0∗Λ(1))]
Gk .
2.2. Shimura curves and Shimura sets. Let N = N+N− be a factorization of N such that N−
is square free and has even number of prime divisors. Let p be a prime away from N . Let B = BN−
be the indefinite quaternion algebra over Q with discriminant N−. Let OB be a maximal order of
B. Let OB,N+ be an Eichler order of level N
+. Let G be the algebraic group over Q defined by
B×. The Eichler order OB,N+ defines an open compact subgroup KN+ of G(A
∞). We can define a
Shimura curve X = XBN+,N− over Q. Its complex points are given by
X(C) = G(Q)\H± ×G(A∞)/KN+ .
For a prime p ∤ N , we can define an integral model X over Z(p) which represents the following functor.
Let S be a test scheme over Z(p). Then X(S) classifies the triples (A, ι, η¯) up to isomorphism where
(1) A is an S-abelian scheme of relative dimension 2;
(2) ι : OB →֒ EndS(A) is an action of OB on EndS(A);
(3) η¯ is an equivalence class of isomorphisms
η : V p(A)
∼
−→ B(A∞,(p))
up to multiplication by Kp, where
V p(A) =
∏
q 6=p
Tq(A)⊗Q
is the prime-to-p rational Tate module of A.
In this article, we will sometimes consider the base-change of X to Zp2 and we will denote it by the
same notation X. It is well-known that X is smooth and projective of relative dimension 1 over Zp2 .
The generic fiber of X will be denoted by XQp2 and its special fiber will be denoted by XFp2 . Let
x = (A, ι, η¯) ∈ XFp2 (F
ac
p ) be an F
ac
p -point. Then the p-divisible group A[p
∞] of A can be written
as A[p∞] = E[p∞] × E[p∞] for a p-divisible group E[p∞] associated to an elliptic curve E and OB
acts naturally via OB ⊗ Zp = M2(Zp). Depending on E[p
∞] is ordinary or supersingular, we will
accordingly call x ordinary or supersingular. Let XssF
p2
be the closed sub-scheme given by those points
that are supersingular and let XordF
p2
= XF
p2
−XssF
p2
be its complement. We will refer to XssF
p2
as the
supersingular locus and to XordF
p2
as the ordinary locus. Let D = BpN− be the definite quaternion
algebra with discriminant pN− and OD a maximal order. Note that we can naturally view the prime
to p part K
(p)
N+
of KN+ as an open compact subgroup of D
×(A∞,(p)). The scheme XssF
p2
is given by
finite set of points and we have the following result.
Lemma 2.2. We have an isomorphism
XssFp2
∼= D×(Q)\D×(A∞)/K
(p)
N+
D×(Zp).
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Proof. The lemma is well-known and can be proved using essentially the same method of the classical
work Deuring and Serre. See [DT, Lemma 9] for example. 
We will set XD = D×(Q)\D×(A∞)/K
(p)
N+
D×(Zp) and refer to it as the Shimura set associated to
the definite quaternion algebra D with level N+. Therefore the above lemma can be rephrased as
an isomorphism
XssF
p2
∼= XD.
Let R be a ring and we let Γ(XD, R) to be the space of continuous functions on XD.
Let OB,pN+ be an Eichler order of level pN
+. We have the curve X0(p) over Q whose complex
points are given by
X0(p)(C) = G(Q)\H
± ×G(A∞)/KpN+ .
We define an integral model X0(p) over Z(p) which represents the following functor. Let S be a test
scheme over Z(p). Then X0(p)(S) classifies the tuples (A1, A2, ι, π, η¯) up to isomorphism where
(1) Ai for i = 1, 2 is an S-abelian scheme of relative dimension 2;
(2) ιi : OB →֒ EndS(Ai) is an action of OB on EndS(Ai) for i = 1, 2;
(3) π : A1 → A2 is an isogeny of degree p that commutes with the action of OB ;
(4) η¯ is an equivalence class of isomorphisms
η : V p(A1)
∼
−→ B(A∞,(p)).
Note that we have an isomorphism V p(A1)
∼
−→ V (p)(A2). By [Buz, Theorem 4.7], X0(p) is regular
and proper over Z(p). Again we consider the base-change of X0(p) to Zp2 and use the same symbol
for this base-change. We denote by X0(p)Q
p2
the generic fiber of X0(p) and X0(p)F
p2
the special
fiber of X0(p). We have the following descriptions of X0(p)F
p2
.
Lemma 2.3. The scheme X0(p)Fp2 consists of two irreducible components both isomorphic to XFp2
which cross transversally at the supersingular locus.
Proof. This is proved in [Buz, Theorem 4.7(v)]. 
Let π1 : X0(p) → X be the morphism given by sending (A1, A2, ι1, ι2, π, η¯) to (A1, ι1, η¯) and
π2 : X0(p) → X be the morphism given by sending (A1, A2, ι1, ι2, π, η¯) to (A2, ι2, η¯). Then we can
define two closed immersions i1 : XF
p2
→ X0(p)F
p2
and i2 : XF
p2
→ X0(p)F
p2
as in the proof of
[Buz, Theorem 4.7(v)] such that
(2.6)
(
π1 ◦ i1 π1 ◦ i2
π2 ◦ i1 π2 ◦ i2
)
=
(
id Frobp
S−1p Frobp id
)
.
where Sp corresponds to the central element in the spherical Hecke algebra of GL2(Qp).
We will need the following important result known as the “Ihara’s lemma”. This is proved for the
case of classical modular curves by Ribet [Rib1] and Diamond-Taylor [DT] for Shimura curves.
Theorem 2.4 ([DT, Theorem 4]). We have the following statements.
(1) The kernel of the pull-back map
(π∗1 + π
∗
2) : H
1(XQac ,Fl)⊕H
1(XQac ,Fl)→ H
1(X0(p)Qac ,Fl)
is Eisenstein.
(2) The cokernel of the push-forwad map
(π1∗, π2∗) : H
1(X0(p)Qac ,Fl)→ H
1(XQac ,Fl)⊕H
1(XQac ,Fl)
is Eisenstein.
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2.3. Unramified level raising for Shimura curves. Let f be a normalized newform in Snew2 (Γ0(N)).
Let T = TN+,N− be l-adic Hecke algebra corresponding to the subspace of S2(Γ0(N)) which are new
at primes dividing N−. Let E = Q(f) be the Hecke field of f and let λ be a place above l in E. We
denote by OEλ the ring of integers of Eλ and by kλ its residue field. Let ̟ be a uniformizer of OEλ .
Then by the construction of Eichler-Shimura, we can attach a Galois representation
ρf,λ : GQ → GL2(Eλ)
such that tr(ρf,λ(Frobp)) = ap(f) with ap(f) the Fourier coefficient of f at p for every p ∤ N and
such that the determinant det(ρf,λ) = χl is the l-adic cyclotomic character. We denote by
ρ¯f,λ : GQ → GL2(kλ)
the reduction of ρf,λ and refer to it as the residual representation of ρf,λ. The Hecke eigensystem of
f gives rise to a map
φf : T→ OE
sending the Tp to ap(f) for p ∤ N and Up to ap(f) for p | N . Consider the composite map
T
φf
−→ OE → OEλ/̟.
and we denote by mf the maximal ideal of T corresponding to the kernel of this map. For an integer
n ≥ 1, let If,n be the kernel of the composite map φf,n : T
φf
−→ OE → OEλ/̟
n.
We have the cycle class map over Fp2 for XFp2 given by
cl : CH1(XF
p2
)→ H2(XF
p2
,OEλ(1)).
Suppose that mf is residually irreducible which means ρ¯f is absolutely irreducible. By the Hochschild-
Serre spectral sequence and the fact that H0 and H2 of XFacp are both Eisenstein, we have an isomor-
phism
H2(XFp2 ,OEλ(1))mf
∼= H1(Fp2 ,H
1(XFacp ,OEλ(1))mf ).
Then the cycle class map induces the following Abel-Jacobi map
AJf : CH
1(XFp2 )→ H
1(Fp2 ,H
1(XFacp ,OEλ(1))mf ).
The map AJf on the class [X
ss] given by the supersingular locus is induced by the following exact
sequence
0→ H1(XFacp ,OEλ(1))mf → H
1(XordFacp ,OEλ(1))mf → H
2
Xss(XFacp ,OEλ(1))mf
∼= H0(XssFacp ,OEλ)mf → 0.
More precisely, the above exact sequence induces the following coboundary map
Φ : H0(XssFacp ,OEλ)
GF
p2
mf
→ H1(Fp2 ,H
1(XFacp ,OEλ(1))mf )
and the class AJf ([X
ss]) is represented by the image of the characteristic function 1Xss of the set X
ss
under Φ. Taking the dual of this map under the local Tate duality and Poincare duality, we arrive
the following dual
Φ∗ : H1(XFacp ,OEλ)
GF
p2
mf
→ H1(Fp2 ,H
0(XssFacp ,OEλ)mf )
of the map Φ. We can define similarly maps
Φn : H
0(XssFacp ,OEλ)
GF
p2
/If,n
→ H1(Fp2 ,H
1(XFacp ,OEλ(1))/If,n )
and
Φ∗n : H
1(XFacp ,OEλ)
GF
p2
/If,n
→ H1(Fp2 ,H
0(XssFacp ,OEλ)/If,n).
Definition 2.5. Let n ≥ 1 be an integer. A prime p is called an n-admissible prime for f if
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(1) p ∤ Nl;
(2) l ∤ p2 − 1;
(3) ̟n | p+ 1− ǫp(f)ap(f) with ǫp(f) ∈ {−1, 1}.
Let q be a prime dividing N− and let B♭ = BpN−/q be the indefinite quaternion algebra of
discriminant pN−/q. Let X♭ = XB
♭
N+,pN−/q be the Shimura curve over Q associated to B
♭ with level
given by an Eichler order of level N+. Let D♭ be the definite quaternion algebra of discriminant
N−/q. Then we have the associated Shimura set XD
♭
. We will also use the Shimura curve X♭0(q)
and the Shimura set XD
♭
0 (q) by adding an level at q to X
♭ and XD
♭
.
Assumption 2.6. We make the following assumptions on mf .
(1) The residual Galois representation ρ¯f,λ is absolutely irreducible.
(2) The space H1(XQac ,OEλ(1))/mf is two-dimensional over kλ.
(3) There is a prime q | N− such that the space H0(XD
♭
0 (q),OEλ)/mf is one-dimensional over kλ.
Moreover at the prime q, the residual Galois representation ρ¯f is ramified.
T[p] = TN+,pN− is the Hecke algebra that acts on modular forms of level Γ0(pN) that are new at
pN−. For an integer n ≥ 1, let φ
[p]
f,n : T
[p] → OEλ/̟
n be the map that agrees with φf,n at all the
Hecke operators away from p and sends Up to ǫp(f). We denote by I
[p]
f,n the kernel of φ
[p]
f,n.
Theorem 2.7. Let p be an n-admissible prime for f . Under Assumption 2.6, we have a canonical
isomorphism
(2.7) Φn : H
0(XssFacp ,OEλ)
GF
p2
/If,n
∼=
−→ H1(Fp2 ,H
1(XFacp ,OEλ(1))/If,n)
which can be identified with an isomorphism
(2.8) Φn : Γ(X
D,OEλ)/I [p]
f,n
∼=
−→ H1(Fp2 ,H
1(XFacp ,OEλ(1))/If,n).
Remark 2.8. We will refer to this theorem as the unramified arithmetic level raising for Shimura
curves. Here we choose to call this theorem as the unramified arithmetic level raising in order to
distinguish it with a theorem of similar form which we call the ramified arithmetic level raising
which establishes an isomorphism between the space of quaternionic modular forms and the singular
quotient of the local Galois cohomology at p valued in the cohomology of certain Shimura curve which
admitts Cerednick-Drinfeld uniformization at p. See [Wang, Theorem 2.4] for a precise version of
ramified level raising for Shimura curves. We learned these terminologies from Liang Xiao in [Xiao].
Both the unramified and ramified level raising for Shimura curves are first proved in [BD3]. They
are reproved in [Xiao], [Liu2] and [LT]. The proof given below is an expansion of what is given in
[Xiao] and it is also heavily influenced by [LT].
Remark 2.9. Note that isomorphism proved in the above theorem can be extended to the case of
Kuga-Sato varieties over the Shimura curve without much difficulty. This has applications to study
Heegner cycles on Shimura curves associated to higher weight modular forms. We will report this in
a revised version our thesis work.
2.4. Proof of unramified level raising for Shimura curves. First we use Assumption 2.6 to
control the rank of the two sides of Φn. We have the following proposition inspired by [LT, Proposition
5.13] which is reminiscent of Ribet’s p, q-switch trick introduced in [Rib2]. Let OEλ,n = OEλ/̟
n.
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Proposition 2.10. Let p be an n-admissible prime for f . We have
rankOEλ,nH
0(XssFacp ,OEλ)
GF
p2
/If,n
= rankOEλ,nH
1(Fp2 ,H
1(XFacp ,OEλ(1))/If,n) = 1.
Proof. First we prove that H1(Fp2 ,H
1(XFacp ,OEλ(1))/If,n) is of rank one over OEλ/̟
n. By Assump-
tion 2.6 (1) and Nakayma’s lemma H1(XFacp ,OEλ(1))/If,n is of rank 2 over OEλ/̟
n. By the definition
of an n-admissible prime, we have an isomorphism
(2.9) H1(XFacp ,OEλ(1))/If,n = OEλ,n(1)⊕OEλ,n
as representations of GF
p2
. Then it follows immediately that H1(Fp2 ,H
1(XFacp ,OEλ(1))/If,n) is of
rank one as l ∤ p2 − 1.
To prove that H0(XssFacp ,OEλ)
GF
p2
/If,n
is of rank 1, we consider the Shimura curve X♭0(q). Note that
we have
X
♭(0)
0 (q)Fp2 = P
1(XD
♭
0 (q)) ⊔P
1(XD
♭
0 (q)).
and X
♭(1)
0 (q)Fp2 = X
D♭
0 (pq). Then one can apply the formula (2.5) in this case and get the following
isomorphism
Γ(XD
♭
0 (q),OEλ)/If,n
∼=
−→ H1sing(Qp2 ,H
1(X♭0(q)Qac ,OEλ(1))/If,n).
We refer the readers to [Wang, Theorem 2.4] for the details of the proof of this isomorphism. By
Assumption 2.6 (1) and Nakayma’s lemma, we can deduce that Γ(XD
♭
0 (q),OEλ)/If,n has rank 1 over
OEλ/̟
n and hence H1(X♭0(q)Qac ,OEλ(1))/If,n is of rank 2 over OEλ/̟
n. Next we consider the special
fiber X♭0(q)Fq2 . Note that in this case, we have
X
♭(0)
0 (q)Fq2 = X
♭
F
q2
⊔X♭F
q2
.
and X
♭(1)
0 (q)Fq2
∼= XD ∼= XssFp2
. Since ρ¯f is ramified at q, we know H
∗(X♭Facq ,OEλ)/If,n = 0. Consider
the monodromy filtration in (2.2) in this case gives us the following exact sequence
0→ Γ(XD,OEλ(1))/If,n → H
1(X♭0(q)Qacq ,OEλ(1))/If,n → Γ(X
D,OEλ)/If,n → 0.
Since H1(X♭0(q)Qac ,OEλ(1))/If,n is of rank 2 and ρ¯f is ramified at q, the rank of
Γ(XD,OEλ)/If,n
has to be 1. This finishes the proof as we have an isomorphism XssF
p2
∼= XD. 
Proof of Theorem 2.7. Note that to prove the theorem, it suffices to show that Φn is surjective
in light of the proposition proved above. We consider the localized weight spectral sequence for
H1(X0(p)Qacp ,OEλ(1))mf and its induced Monodromy filtration:
0 ⊂
E1,02,mf M1H
1(X0(p)Qac ,OEλ(1))mf ⊂
E0,12,mf M1H
1(X0(p)Qac ,OEλ(1))mf
⊂
E−1,22,mf M−1H
1(X0(p)Qac ,OEλ(1))mf .
By (2.2), we have
E1,02,mf = ker[H
0(a1∗OEλ)
τ
−→ H2(a0∗OEλ(1))]mf = H
0(XssFacp ,OEλ(1))mf ;
E0,12,mf = H
1(a0∗OEλ(1))mf = H
1(XFacp ,OEλ(1))
⊕2
mf
;
E−1,22,mf = coker[H
0(a0∗OEλ(1)
ρ
−→ H0(a1∗OEλ(1))]mf = H
0(XssFacp ,OEλ)mf .
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Next we consider the push forward map
(π1∗, π2∗) : H
1(X0(p)Qacp ,OEλ(1))mf → H
1(XQacp ,OEλ(1))mf ⊕H
1(XQacp ,OEλ(1))mf .
This is surjective by “Ihara’s lemma” Theorem 2.4 and Nakayma’s lemma. It is well-known that the
composite
E1,02,mf →֒ H
1(X0(p)Qacp ,OEλ(1))mf
(π1∗,π2∗)
−−−−−→ H1(XQacp ,OEλ(1))mf ⊕H
1(XQacp ,OEλ(1))mf
is zero. Indeed, the term E1,02,mf corresponds to the toric part of the Neron model of the Jacobian
of X0(p)Qacp . Therefore we obtain the following commutative diagram where we have omitted the
coefficient OEλ in all the terms
H1(XQacp )(1)mf ⊕H
1(XQacp )(1)mf H
1(X0(p)Qacp )(1)mf H
0(XssFacp )mf
H1(XQacp )(1)mf ⊕H
1(XQacp )(1)mf H
1(XQacp )(1)mf ⊕H
1(XQacp )(1)mf coker(∇)
(i1∗,i2∗)
= (π1∗,π2∗) Φ′
∇
.
Here the top row of the diagram is the Monodromy filtration of H1(XQacp ,OEλ(1))mf which is exact
on the right. The map Φ′ is the one naturally induced by (π1∗, π2∗). The map ∇ is by definition
given by the composite of (π1∗, π2∗) and (i1∗, i2∗). By (2.6), the map ∇ is given by the matrix(
id Frobp
Frobp id
)
since the central element Sp has trivial action. It follows then that we have an isomorphism
coker(∇) = H1(Fp2 ,H
1(XQac ,OEλ(1))mf ).
Since (π1∗, π2∗) is surjective, the map Φ
′ is surjective as well. Let Φ′n be the reduction of Φ
′ modulo
If,n. Therefore we are left to show that Φ
′
n agree with the map Φn. To show this, we rely on some
results proved in [Ill2]. More precisely, the natural quotient map
H1(X0(p)Qacp ,OEλ(1))mf → H
0(XssFacp ,OEλ)mf
in the Monodromy filtration factors through H1(XordFacp ,OEλ):
H1(X0(p)Qacp ,OEλ(1))mf
i∗1−→ H1(XordFacp ,OEλ(1))mf → H
0(XssFacp ,OEλ)mf → 0.
where H1(XordFacp ,OEλ(1))mf → H
0(XD,OEλ)mf comes from the natural excision exact sequence for
H1(XFacp ,OEλ(1))mf and the i
∗
1 is the pullback of the cohomology of Neaby cycles
H1(X0(p)Facp , RΨ(OEλ)(1))mf
i∗1−→ H1(XordFacp , RΨ(OEλ)(1))mf .
For the proof of these facts, see [Ill2, Proposition 1.5]. Let x ∈ H0(XD,OEλ)mf and let x˜ be a
preimage of x in H1(XordFacp ,OEλ(1))mf . Since i
∗
1i1∗ is the identity map, we can take i1∗(x˜) as a
preimage of x˜ in H1(X0(p)Facp , RΨ(OEλ)(1))mf . Therefore for x ∈ H
0(XD,OEλ), we have Φ
′(x) =
(π1∗i1∗(x˜), π2∗i2∗(x˜)) = (x˜,Frobp(x˜)). Since the natural quotient map
H1(XQacp )(1)mf ⊕H
1(XQacp )(1)mf → coker(∇)
is given by sending (x, y) ∈ H1(XQacp )(1)mf ⊕H
1(XQacp )(1)mf to (x−Frobp(y)) in light of the form of
∇, we have Φ′(x) = (1−Frob2p)x˜. But this is precisely the definition of Φ(x). This finishes the proof
of the first isomorphism in (2.7).
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To see the second isomorphism, notice that H1(Fp2 ,H
1(XFacp ,OEλ(1))/If,n)
∼= H1(Fp2 ,OEλ(1) ⊕
OEλ . Therefore Frobp acts by ǫp(f) on H
1(Fp2 ,H
1(XFacp ,OEλ(1))/If,n). By [Rib2, Proposition 3.8],
we know that Frobp acts by Up onX
ss
F
p2
. The second isomorphism (2.8) follows from this by identifying
XssF
p2
with XD. 
Remark 2.11. We use the space of this remark to dualize the constructions in the proof. This will
be used later. We take the dual of the diagram
H1(XQacp )(1)mf ⊕H
1(XQacp )(1)mf H
1(X0(p)Qacp )(1)mf H
0(XssFacp )mf
H1(XQacp )(1)mf ⊕H
1(XQacp )(1)mf H
1(XQacp )(1)mf ⊕H
1(XQacp )(1)mf coker(∇)
(i1∗,i2∗)
= (π1∗,π2∗) Φ′n
∇
.
and we get the following diagram
ker(∆) H1(XQacp )mf ⊕H
1(XQacp )mf H
1(XQacp )mf ⊕H
1(XQacp )mf
H0(XssFacp ) H
1(X0(p)Qacp )mf H
1(XQacp )mf ⊕H
1(XQacp )mf
Φ∨n
∆
(π∗1 ,π
∗
2) =
(i∗1 ,i
∗
2)
.
It follows by a similar computation in the above proof that ker(∆) ∼= H0(Fp2 ,H
1(XQacp ,OEλ)mf ) and
the map Φ∨n is injective and is the dual of the map Φn. This is a slight variant of the proof given in
[LT, Proposition 4.8]. We state the following isomorphism from the above discussion for later use.
Corollary 2.12. Let p be an n-admissible prime for f . Under Assumption 2.6, we have an isomor-
phism
Φ∨n : H
0(Fp2 ,H
1(XQacp ,OEλ)/If,n)
∼= Γ(XD,OEλ))/I [p]
f,n
.
3. Arithmetic level raising for triple product of Shimura curves
3.1. The triple tensor product Galois representation. Let f = (f1, f2, f3) ∈ S
new
2 (Γ0(N))
3 be
a triple of normalized newforms of level Γ0(N) with q-expansions:
f1 =
∑
n≥1
an(f1)q
n,
f2 =
∑
n≥1
an(f2)q
n,
f3 =
∑
n≥1
an(f3)q
n.
We assume thatN = N+N− withN− square free with even number of prime divisors. Let Ei = Q(fi)
be the Hecke field of fi with i = 1, 2, 3. Let λi be a place in Ei above l and we write Eλi for the
completion of Ei at λi. We fix a uniformizer ̟i of Eλi and denote by kλi the residue field of Eλi .
We have the morphism φi : T→ OEi corresponding to the Hecke eigensystem of fi. We define mi to
be the maximal ideal in T corresponding to the kernel of the composite map
T
φi
−→ OEi → OEλi/̟i.
For an integer n ≥ 1, let Ii,n be the kernel of the composite map
φi,n : T
φf
−→ OEi → OEλi/̟
n
i .
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Note that mi is the unique maximal ideal in T containing Ii,n. We denote by ρfi,λi the Galois
representation attached to fi
ρfi,λi : GQ → GL2(Eλi).
Let ρi : GQ → GL2(OEλi ) be a GQ-stable OEλi -lattice in ρfi,λi . We denote by ρi,n the reduction of
ρi modulo ̟
n
i . In particular, ρ¯i is the residual representation ρi,1. We will assume that mi satisfies
Assumption 2.6. This implies the following lemma.
Lemma 3.1. Under Assumption 2.6, we have an isomorphism of Galois representations
ρi ∼= H
1(XQac ,OEλi (1))mi
and hence an isomorphism
ρi,n ∼= H
1(XQac ,OEλi (1))/Ii,n
for every n ≥ 1
Proof. This follows from [BLR2] and the first part of Assumption 2.6 by applying the Nakayama’s
lemma. 
We will be concerned with the following twist of the 8-dimensional triple tensor product Galois
representation ρf1,λ1 ⊗ ρf2,λ2 ⊗ ρf3,λ3(−1) with a natural GQ-stable lattice ρ1⊗ ρ2⊗ ρ3(−1). Lemma
3.1 implies that we have an isomorphism
ρ1 ⊗ ρ2 ⊗ ρ3(−1) ∼= ⊗
3
i=1H
1(XQac ,OEλi (1))mi(−1).
We will set
M(f )(−1) = ⊗3i=1H
1(XQac ,OEλi (1))mi(−1)
and
Mn(f)(−1) = ⊗
3
i=1H
1(XQac ,OEλi (1))/Ii,n(−1) for n ≥ 1.
We let Oλ = OEλ1 ⊗OEλ2 ⊗OEλ3 , Eλ = Eλ1 ⊗ Eλ2 ⊗ Eλ3 and Oλ,n = OEλ1,n ⊗OEλ2,n ⊗OEλ3,n for
n ≥ 1. Then M(f )(−1) is a GQ-module over Oλ and Mn(f)(−1) is a GQ module over Oλ,n.
Consider the triple fiber product of Shimura curves X3 over Q. We will be interested to the
cohomology H3(X3⊗Qac,Zl(2)). Let mf = (m1,m2,m3) be the triple of maximal ideals corresponding
to φi,1 for i = 1, 2, 3. By the Ku¨nneth formula, it makes sense to localize H
3(X3 ⊗Qac,Zl(2)) at the
triple mf . In fact we have the following lemma
Lemma 3.2. We have the following isomorphism
M(f )(−1) ∼= H3(X3 ⊗Qac,Zl(2))mf ⊗T3mf
Oλ
where the tensor product is taken over T3mf := Tm1 × Tm2 × Tm3 .
Proof. This follows from an easy application of the Ku¨nneth formula using the fact that H0(XQac ,Zl)
and H2(XQac ,Zl) are both Eisenstein as Hecke modules. 
3.2. Unramified level raising for triple product of Shimura curves. We recall next the
definition of an n-admissible prime for f introduced in [Wang, Definition 4.3].
Definition 3.3. Let n ≥ 1 be an integer. We say that a prime p is n-admissible for f = (f1, f2, f3) if
(1) p ∤ Nl;
(2) l ∤ p2 − 1;
(3) ̟ni | p+ 1− ǫp,iap(fi) with ǫp,i = ±1 for i = 1, 2, 3;
(4) ǫp,1ǫp,2ǫp,3 = 1.
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Let p be an n-admissible prime for f . Since the integral model X3 of X3 aquires good reduction
at p, Mn(f) is unramified at p and therefore it makes sense to consider H
1(Fp2 ,Mn(f)(−1)).
Lemma 3.4. Let n ≥ 1 be an integer and let p be an n-admissible prime for f . Then Mn(f) is
unramified at p and
Mn(f) ∼= Oλ,n ⊕O
⊕3
λ,n(1) ⊕O
⊕3
λ,n(2)⊕Oλ,n(3)
as a Galois representation of GF
p2
and H1(Fp2 ,Mn(f)(−1)) is free of rank 3 over Oλ,n.
Proof. The first part follows immediately from (3) in the definition of an n-admissible prime for f .
See (2.9). The second part is a direct consequence of the first part by Lemma 2.1. 
Let p be an n-admissible prime for f . For an integer n ≥ 1 and i = 1, 2, 3, let
φ
[p]
i,n : T
[p] → OEλi/̟
n
be the map that agrees with φi,n at all the Hecke operators away from p and sends Up to ǫp,i. We
denote by I
[p]
i,n the kernel of φ
[p]
i,n. Similarly we will denote by m
[p]
i the maximal ideal in T
[p] containing
I
[p]
i,n. For later use, we denote by m
[p]
f the triple given by (m
[p]
1 ,m
[p]
2 ,m
[p]
3 ). We will now state and
prove the first main result of this article. The following theorem will be referred to as the unramified
arithmetic level raising for the triple product of Shimura curves. We call it unramified level raising
as we are interested
Theorem 3.5 (Unramified level raising). Let p be an n-admissible prime for f . We assume that each
maximal ideal in the triple mf = (m1,m2,m3) satisfies Assumption 2.6. Then we have the following
isomorphism
Φf ,n : ⊕
3
j=1(⊗
3
i=1Γ(X
D,OEλi )/I [p]i,n
) ∼= H1(Fp2 ,Mn(f)(−1)).
Proof. We analyze the righthand side of the desired isomorphism. Recall by definition, we have
Mn(f)(−1) = ⊗
3
i=1H
1(XQac ,OEλi (1))/Ii,n(−1).
Since p is n-admissible, we have H1(XQac ,OEλi (1))/I [p]i,n
∼= Oi,n(1) ⊕ Oi,n by Lemma 3.1. We will
set Ti,n = H
1(XQac ,OEλi (1))/I [p]i,n
for each i = 1, 2, 3. By Lemma 3.4 and its proof, we have an
isomorphism
(3.1)
H1(Fp2 ,Mn(f)(−1)) ∼= Mn(f)(−1)/Frobp2−1
∼= (T1,n)/Frob
p2−1
⊗ (T2,n)/Frob
p2−1
⊗ (T3,n(−1))/Frob
p2−1
⊕ (T1,n)/Frob
p2−1
⊗ (T2,n(−1))/Frob
p2−1
⊗ (T3,n)/Frob
p2−1
⊕ (T1,n(−1))/Frobp2−1 ⊗ (T2,n)/Frobp2−1 ⊗ (T3,n)/Frobp2−1.
Here the Frobp2 on the first line is understood using the isomorphism in Lemma 3.2 as the Frobenius
acting on the triple product and the rest of the Frobp2 are the those acting on individual curves. For
each, i = 1, 2, 3, we have the following isomorphisms
Φi,n : Γ(X
D,OEλi )/I [p]i,n
∼=
−→ H1(Fp2 ,Ti,n)
Φ∨i,n : H
0(Fp2 ,Ti,n(−1)) ∼= Γ(X
D,OEλi ))/I [p]i,n
from Theorem 2.7 and Corollary 2.12. Notice since Ti,n(−1) ∼= Oi,n(−1) ⊕ Oi,n and l ∤ p
2 − 1, the
natural composite map H0(Fp2 ,Ti,n(−1))→ Ti,n(−1)→ Ti,n(−1)/Frobp2−1 is in fact an isomorphism.
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Therefore Φ∨−1i,n induces an isomorphism Φ
♥
i,n : Γ(X
D,OEλi )/I [p]i,n
→ Ti,n(−1)/Frobp2−1. Finally we put
above discussions together to obtain the isomorphisms
(3.2)
Φ1,n ⊗ Φ2,n ⊗ Φ
♥
3,n : ⊗
3
i=1Γ(X
D,OEλi )/I [p]i,n
→ (T1,n)/Frobp2−1 ⊗ (T2,n)/Frobp2−1 ⊗ (T3,n(−1))/Frobp2−1
Φ1,n ⊗ Φ
♥
2,n ⊗ Φ3,n : ⊗
3
i=1Γ(X
D,OEλi )/I [p]i,n
→ (T1,n)/Frob
p2−1
⊗ (T2,n(−1))/Frob
p2−1
⊗ (T3,n)/Frob
p2−1
Φ♥1,n ⊗ Φ2,n ⊗ Φ3,n : ⊗
3
i=1Γ(X
D,OEλi )/I [p]i,n
→ (T1,n(−1))/Frob
p2−1
⊗ (T2,n)/Frob
p2−1
⊗ (T3,n)/Frob
p2−1
and define Φf ,n to be (Φ1,n⊗Φ2,n⊗Φ
♥
3,n)⊕ (Φ1,n⊗Φ
♥
2,n⊗Φ3,n)⊕ (Φ
♥
1,n⊗Φ2,n⊗Φ3,n). This finishes
the proof. 
Corollary 3.6. Let p be an n-admissible prime for f . We assume that each maximal ideal in the
triple mf = (m1,m2,m3) satisfies Assumption 2.6. Then we have the following isomorphism
Φf ,n : ⊕
3
j=1(⊗
3
i=1Γ(X
D,OEλi )/I [p]i,n
) ∼= H1fin(Qp,Mn(f)(−1)).
Proof. Since Mn(f) is unramified, we have H
1
fin(Qp,Mn(f)(−1))
∼= H1(Fp,Mn(f)(−1)). The non-
trivial element in Gal(Fp2/Fp) acts on ⊕
3
j=1(⊗
3
i=1Γ(X
D,OEλi )/I [p]i,n
) by the product of the sign
(ǫ1, ǫ2, ǫ3) which is 1 by the definition of an n-admissible prime for f . Since the map commutes
with the action of Gal(Fp2/Fp) by construction, the conclusion immediately follows. 
3.3. Reciprocity laws for Gross-Schoen diagonal cycles. In this subsection, we will always fix
an n-admissible prime p for f . Let mf be a triple that satisfies Assumption 2.6. Recall we have the
Shimura curve X over Q and its integral model X over Z(p). We consider the diagonal embedding of
X into its triple fiber product over Z(p)
θ : X→ X3.
This gives a class θ∗[X⊗Q] ∈ CH
2(X3⊗Q) which will be referred to as the the Gross-Schoen diagonal
cycle. We consider composite map induced by the l-adic cycle class map localized at the triple of
maximal ideal mf
CH2(X3 ⊗Q)→ H4(X3 ⊗Q,Zl(2))mf → H
4(X3 ⊗Qac,Zl(2))mf .
Since the term is H4(X ⊗ Qac,Zl(2))mf is zero by Ku¨nneth formula and our assumption that mi
is abosultely irreducible. Then the Hochschild-Serre spectral sequence induces the following Abel-
Jacobi map
AJf : CH
2(X3 ⊗Q)→ H1(Q,H3(X3 ⊗Qac,Zl(2))mf ).
We can compose it further with the natural map
H3(X⊗Qac,Zl(2))mf → M(f )(−1)
∼= H3(X3 ⊗Qac,Zl(2))mf ⊗T3mf
Oλ → Mn(f )(−1)
given by Lemma 3.2. We will denote the composite of the map AJf with the map above by
(3.3) AJf ,n : CH
2(X3 ⊗Q)→ H1(Q,Mn(f)(−1)).
We denote by Θn ∈ H
1(Q,Mn(f)(−1)) the image of θ∗[X ⊗ Q] under AJf ,n. Recall that X
D is
the Shimura set associated to the definite quaternion algebra D. It can also be identified as the
supersingular locus XssFp2
of the special fiber XF
p2
. We can restrict the map θ to the supersingular
locus of XF
p2
. We will write the resulting map as
ϑ : XD → (XD)3.
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We have a bilinear pairing ( , ) : ⊗3i=1Γ(X
D,OEλi )×⊗
3
i=1Γ(X
D,OEλi )→ Oλ given by the formula
(⊗3i=1ζi,⊗
3
i=1φi) =
∑
(z1,z2,z3)∈(XD)3
ζ1φ1(z1)⊗ ζ2φ2(z2)⊗ ζ3φ3(z3)
for ⊗3i=1ζi,⊗
3
i=1φi ∈ ⊗
3
i=1Γ(X
D,OEλi ). This paring induces naturally a pairing
( , ) : ⊗3i=1Γ(X
D,OEλi )/I
[p]
i,n ×⊗
3
i=1Γ(X
D,OEλi )[I
[p]
i,n]→ Oλ,n.
Lemma 3.7. Let p be an n-admissible prime for f . The class locp(Θn) ∈ H
1(Qp,Mn(f)(−1)) lies in
the finite part H1fin(Qp,Mn(f)(−1)).
Proof. This follows immediately from the fact that the threefold X admits good reduction at the
prime p. See [Liu1, Lemma 3.4]. 
The above lemma allows us to view locp(Θn) as an element in ⊕
3
j=1(⊗
3
i=1Γ(X
D,OEλi )/I
[p]
i,n) via
the isomorphism Φf ,n in Corollary 3.6. We will denote by loc
(j)
p (Θn) the component of locp(Θn) in
the j-th copy of ⊕3j=1(⊗
3
i=1Γ(X
D,OEλi )/I
[p]
i,n) for j = 1, 2, 3. Following the terminology in [BD3], we
will refer to the theorem below as the second explicit reciprocity law for the diagonal cycle class.
Theorem 3.8 (The second reciprocity law). Let p be an n-admissible prime for f . Suppose each
mi ∈ mf satisfies the Assumption 2.6. Then the following formula
(loc(j)p (Θn), φ1 ⊗ φ2 ⊗ φ3) =
∑
z∈XD
φ1(z)⊗ φ2(z)⊗ φ3(z)
holds for every φ1 ⊗ φ2 ⊗ φ2 ∈ ⊗
3
i=1Γ(X
D,OEλi )[I
[p]
i,n] and j = 1, 2, 3.
Proof. Let θ : XFp2 → X
3
Fp2
be the map induced by θ : X → X3 on the special fiber. Consider
the Abel-Jacobi map AJF
p2
: CH2(X3F
p2
) → H1(Fp,Mn(f)(−1)) constructed similarly as the one on
CH2(X3⊗Q). We denote by Θ¯n the class given by AJF
p2
(θ∗[XF
p2
]). We write Θ¯
(j)
n the projection to
the j-th component of ⊕3j=1(⊗
3
i=1Γ(X
D,OEλi )/Ii,n) using the isomorphism Φf ,n for j = 1, 2, 3. Since
X
3 has good reduction at p and thus Mn(f)(−1) is unramified, the class Θ¯n agrees with locp(Θn).
Similarly, we can identify Θ¯
(j)
n with loc
(j)
p (Θn) for every j = 1, 2, 3. To finish the proof, we need to
show
(Θ¯(1)n , φ1 ⊗ φ2 ⊗ φ3) =
∑
z∈XD
φ1(z)⊗ φ2(z)⊗ φ3(z)
for j = 1, 2, 3.
Without loss of generality, we assume that j = 1. Recall that Ti,n = H
1(XQac ,OEλi (1))/Ii,n . The
class Θ¯
(1)
n lies in the image of the map
H1(Fp2 ,Mn(f)(−1))→ (T1,n)/Frobp2−1 ⊗ (T2,n)/Frobp2−1 ⊗ (T3,n(−1))/Frobp2−1
given in (3.1). Then Θ¯
(1)
n is identified as a function in ⊗3i=1Γ(X
D,OEλi )/Ii,n by the isomorphism
Φ1,n ⊗ Φ2,n ⊗Φ
♥
3,n : ⊗
3
i=1Γ(X
D,OEλi )/I [p]i,n
→ (T1,n)/Frob
p2−1
⊗ (T2,n)/Frob
p2−1
⊗ (T3,n(−1))/Frob
p2−1
given by (3.2). Recall we have the diagonal embedding of the Shimura set ϑ : XD → (XD)3
which we can identify it with the restriction of the map θ : XF
p2
→ X3F
p2
to the supersingular
locus of XF
p2
. Let 1D be the characteristic function on X
D. Then Θ¯
(1)
n viewed as a function in
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⊗3i=1Γ(X
D,OEλi )/Ii,n can be identified with function ϑ∗1D ⊗ ϑ∗1D ⊗ ϑ∗1D as Θ¯
(1)
n represents the
diagonal class and Φ1,n ⊗ Φ2,n ⊗ Φ
♥
3,n is given by the cycle class map. Then we have
(Θ¯(1)n , φ1 ⊗ φ2 ⊗ φ3) = (ϑ∗1D ⊗ ϑ∗1D ⊗ ϑ∗1D, φ1 ⊗ φ2 ⊗ φ3)
=
∑
z∈XD
φ1(z)⊗ φ2(z)⊗ φ3(z).
This finishes the proof. 
For later applications, we consider a pair of n-admissible primes p = (p, p′) for f . Consider the
indefinite quaternion algebra B♮ of discriminant N−pp′. Then we can associate to it a Shimura curve
over Q denoted by X♮ and its integral model X♮ over Z(p′). The curve X
♮ admits Cerednick-Drinfeld
uniformization and its special fiber over Fp′2 can be explicitly described as in [Wang, Proposition
2.2]. In particular, the special fiber X♮Fp′2
is a union P1(XD+ )∪P
1(XD− ) with X
D
+ = X
D
− = X
D. Since
p, p′ are n-admissible primes for f , we have a triple of morphisms φ
[p]
i,n : T
[p] → OEλi ,n with kernel
I
[p]
i,n corresponding to the level raising of the morphisms φi,n. Here the Hecke algebra T
[p] is the one
that acts naturally on the subspace of S2(Γ0(Npp
′)) which are new at primes dividing N−pp′. In
particular, we have φ
[p]
i,n(Uv) = ǫi,v for the Uv-operator where v = p, p
′ and i = 1, 2, 3. We denote the
natural diagonal morphism of X♮ in X♮3 by
θ♮ : X♮ → X♮3.
We define the GQ-module M
[p]
n (f) over Oλ,n by
M
[p]
n (f) = ⊗
3
i=1H
1(X♮ ⊗Qac,OEλi (1))/I
[p]
i,n.
Consider the Abel-Jacobi map
(3.4) AJ
f [p],n
: CH2(X♮ ⊗Q)→ H1(Q,M
[p]
n (f)(−1))
defined similarly as in (3.3). We denote by Θ
[p]
n the image of θ
♮
∗[X
♮ ⊗Q] ∈ H1(Q,M
[p]
n (f )(−1)) under
the map AJ
f [p],n
.
Theorem 3.9 (Ramified level raising). Let p = (p, p′) be a pair of n-admissible primes for f . Suppose
each mi ∈ mf satisfies the Assumption 2.6. Then there is an isomorphism
(⊗3i=1Γ(X
D,OEλi )/I [p]i,n
)⊕3 ∼= H1sing(Qp′ ,M
[p]
n (f)(−1))
of modules of rank 3 over Oλ.
Proof. Notice that the triple m
[p]
f = (m
[p]
1 ,m
[p]
2 ,m
[p]
3 ) satisfies the assumptions in [Wang, Theorem 3.5]
by Proposition 2.10. Therefore we can apply that theorem with the indefinite quaternion algebra B′
and definite quaternion algebra B in [Wang, Theorem 3.5] replaced by B♮ and D in this article. 
Recall we have the localization map locp′ : H
1(Q,M
[p]
n (f)(−1)) → H1(Qp′ ,M
[p]
n (f)(−1)) and
the singular quotient map ∂p′ : H
1(Qp′ ,M
[p]
n (f)(−1)) → H1sing(Qp′ ,M
[p]
n (f)(−1)). We therefore
obtain an element ∂p′ locp′(Θ
[p]
n ) ∈ H1sing(Qp′ ,M
[p]
n (f)(−1)). To simplify the notation, we denote
this element by ∂p′Θ
[p]
n . Theorem 3.9 allows us to view the element ∂p′Θ
[p]
n as an element in
LEVEL RAISING AND DIAGONAL CYCLES II 21
⊕3j=1(⊗
3
i=1Γ(X
D,OEλi )/I [p]i,n
). We denote by ∂
(j)
p′ Θ
[p]
n the component of ∂p′Θ
[p]
n in the j-th copy of
⊕3j=1(⊗
3
i=1Γ(X
D,OEλi )/I [p]i,n
).
Theorem 3.10 (First reciprocity law). Let p = (p, p′) be a pair of n-admissible primes for f . Suppose
each mi ∈ mf satisfies the Assumption 2.6. Then the following formula
(∂
(j)
p′ Θ
[p]
n , φ1 ⊗ φ2 ⊗ φ3) = (p
′ + 1)3
∑
z∈XD
φ1(z)⊗ φ2(z)⊗ φ3(z)
holds for any φ1 ⊗ φ2 ⊗ φ3 ∈ ⊗
3
i=1Γ(X
D,OEλi )[I
[p]
i,n] and any j = 1, 2, 3.
Proof. As we have explained in the proof of Theorem 3.9. The triple m
[p]
f satisfies the assumptions
in [Wang, Theorem 3.10]. The formula follows directly from that theorem. 
Remark 3.11. Theorem 3.10 and Theorem 3.8 implies the following relation
(∂
(j)
p′ Θ
[p]
n , φ1 ⊗ φ2 ⊗ φ3) = (1 + p
′)3(loc(j)p (Θn), φ1 ⊗ φ2 ⊗ φ3) = (p
′ + 1)3I(φ1, φ2, φ3)
where I(φ1, φ2, φ3) =
∑
z∈XD φ1(z)⊗φ2(z)⊗φ3(z) for any φ1⊗φ2⊗φ3 ∈ ⊗
3
i=1Γ(X
D,Oi)[I
[p]
i,n]. This
shows that (Θn,Θ
[p]
n ) form a Bipartite Euler system in a weaker sense: these classes do satisfy all
the required reciprocity laws, however the Frobenius eigenvalues on Mn(f) is not just p and 1 which
is required by the definition in [How].
4. Applications to the Bloch-Kato conjectures
4.1. The rank 1 case of the Bloch-Kato conjecture. We consider the triple product motive
attached to f = (f1, f2, f3). Its l-adic realization is the triple tensor product representation ρf1,λ1 ⊗
ρf2,λ2 ⊗ ρf3,λ3 over Eλ := Eλ1 ⊗ Eλ2 ⊗ Eλ3 . We let
V(f) = ρf1,λ1 ⊗ ρf2,λ2 ⊗ ρf3,λ3 .
By [Liu2, Lemma 4.6], [Wang, Lemma 4.2], we have H1(Qv,V(f )(−1)) = 0 for all v ∤ l. Therefore it
makes sense to consider the following Selmer group.
Definition 4.1. The Bloch-Kato Selmer group H1f (Q,V(f)(−1)) of the representation V(f )(−1) is
the subspace of H1(Q,V(f)(−1)) consisting of those classes s such that locl(s) ∈ H
1
f (Ql,V(f)(−1))
where
H1f (Ql,V(f )(−1)) = ker[H
1
f (Ql,V(f )→ H
1
f (Ql,V(f )⊗ Bcris(−1))].
Let π = (π1, π2, π3) be the triple of irreducible automorphic representation of GL2(A) associated
to the triple f = (f1, f2, f3). We have the Garrett-Rankin triple product L-function
L(f1 ⊗ f2 ⊗ f3, s) = L(s−
3
2
, π1 ⊗ π2 ⊗ π3, r)
where r is the natural 8-dimensional representation of the L-group of GL2×GL2×GL2. The parity
of the order of vanishing of L(f1 ⊗ f2 ⊗ f3, s) at the central critical point s = 2 is controlled by
the global root number ǫ(π1 ⊗ π2 ⊗ π3, r) ∈ {±1}. In this article we will focus on the case when
ǫ(π1 ⊗ π2 ⊗ π3, r) = −1. Consider the following Abel-Jacobi map for V (f)(−1)
AJf ,Q : CH
2(X3 ⊗Q)→ H1(Q,H3(X3 ⊗Qac,Zl(2))mf ⊗Q)
∼= H1(Q,V(f )(−1)).
We denote by Θf ∈ H
1(Q,V(f)(−1)) the image of θ∗[X⊗Q] under AJf ,Q. Since X has good reduction
at l, Θf in fact lies in the Bloch-Kato Selmer group H
1
f (Q,V(f)(−1)) by [Nek, Theorem 3.1]. The
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results obtained in the previous sections should have applications to the following conjecture towards
the rank one case of the Bloch-Kato conjecture for the triple product motive attached to f .
Conjecture 4.2. Suppose the class Θf ∈ H
1(Q,V(f )(−1)) is non-zero. Then the Bloch-Kato Selmer
group H1f (Ql,V(f )) is of rank 1 over Eλ.
Remark 4.3. In light of the Gross-Zagier formula for the Gross-Schoen diagonal cycles [YZZ] and
assuming the conjectural injectivity of the Abel-Jacobi map and the non-degeneracy of the height-
pairing, there are infinitely many l such that Θf is non-zero as long as the first derivative L
′(f1 ⊗
f2 ⊗ f3, 2) is non-vanishing.
Remark 4.4. The obstacle to apply the usual Euler system argument as in [Liu1] and [LT] to prove
this conjecture lies at the fact that the finite part H1fin(Qp,Mn(f )(−1)) at an n-admissible prime p
for f is of rank 3 as opposed to of rank 1.
4.2. Bipartite Euler system for the symmetric cube motive. In this subsection, we apply the
results in this article to the case when the triple f degenerates. That is f = (f, f, f) for a single
modular form f ∈ Snew2 (Γ0(N)) such that N = N
+N− with (N+, N−) and N− square free with even
number of prime factors. We denote by π the automorphic representation of GL2(A) associated to
f . Recall that we have the Galois representation ρf,λ and the residual representation ρ¯f,λ. The triple
tensor product representation ρ⊗3f,λ admits the following factorization
ρ⊗3f,λ(−1) = Sym
3ρf,λ(−1)⊕ ρf,λ ⊕ ρf,λ.
by the Schur functor construction. In the notations of previous sections, this factorization is given
by V(f )(−1) = Sym3Vf,λ(−1) ⊕ Vf,λ ⊕ Vf,λ. The triple tensor product L-function L(f ⊗ f ⊗ f, s)
factors accordingly as
L(f ⊗ f ⊗ f, s) = L(Sym3f, s)L(f, s− 1).
In fact by a result of Kim and Shahadi, the L(Sym3f, s) is entire and L(f ⊗ f ⊗ f, s) is divisible by
L(f, s− 1). We will assume that the global root number ǫ(π⊗ π⊗ π, r) is −1 for L(f ⊗ f ⊗ f, s). It
follows from this that the L-function L(Sym3f, s) has also global root number −1 at s = 2.
We project the class Θf ∈ H
1(Q,V(f)(−1)) which is the image of the Gross-Schoen diagonal class
θ∗[X⊗Q] under the Abel-Jacobi map
AJf : CH
2(X3 ⊗Q)→ H1(Q,H3(X3 ⊗Qac,Zl(2))mf ⊗Q)
∼= H1(Q,V(f )(−1))
to the symmetic cube component according to the factorization V(f )(−1) = Sym3Vf,λ(−1) ⊕ Vf,λ ⊕
Vf,λ. The resulting class will be denoted by Θ
⋄
f . The symmetric cube component of V(f)(−1) will
be denoted by V⋄(f )(−1) and thus Θ⋄f ∈ H
1(Q,V⋄(f)(−1)). In light of the Gross-Zagier formula
for the symmetric cube L-function mentioned before, the class Θ⋄f should be nontrivial if the first
derivative L′(Sym3f, s) is non-vanishing at s = 2. We define the symmetric cube Bloch-Kato Selmer
group H1f (Q,V
⋄(f)(−1)) the same way as in Definition 4.1. Using the reciprocity laws proved in this
article, we will prove the following theorem towards the rank 1 case of the Bloch-Kato conjecture for
the symmetric cube motive of the modular form f .
Theorem 4.5. Suppose that the modular form f satisfies the following assumptions:
(1) the maximal ideal mf is residually irreducible;
(2) the space H1(X ⊗Qac,OEλ(1))/mf is two-dimensional over kλ;
(3) there is a prime q | N− such that the space H0(XD
♭
0 (q),OEλ)/mf is one-dimensional over kλ.
Moreover at the prime q, the residual Galois representation ρ¯f,λ is ramified;
(4) The residual Galois representation ρ¯f,λ is surjective.
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If the class Θ⋄f ∈ H
1(Q,V⋄(f)(−1)) is non-zero, then the symmetric cube Selmer group
H1f (Q,V
⋄(f)(−1))
is of dimension 1 over Eλ.
To prove this theorem, we review a few results on local Tate dualities. Let Tf,λ be an OEλ-lattice
in ρf,λ. Note that under the Assumption 2.6, we have an isomorphism Tf,λ ∼= H
1(XQac ,OEλ(1))mf .
We set Vf,λ = Tf,λ ⊗ Q. Let Af,λ = Vf,λ/Tf,λ be the divisible GQ-module associated to f . Let
n ≥ 1 be an integer. We denote by Af,n the ̟
n torsion subgroup of Af,λ and set Tf,n = Tf,λ/̟
n.
We let N⋄(f)(−1) = Sym3Af,λ(−1) and N
⋄
n(f )(−1) = Sym
3Af,n(−1). Similarly, we let M
⋄(f)(−1) =
Sym3Tf,λ(−1) and M
⋄
n(f )(−1) = Sym
3Tf,n(−1). Note that N
⋄
n(f)(−1) and M
⋄
n(f)(−1) are Kummer
dual to each other and are in fact naturally isomorphic to each other. In order to simplify the
notations, we will let O = OEλ and On = OEλ,n.
Definition 4.6. Let n ≥ 1 be an integer. We say that a prime p is (n, 1)-admissible for f if
(1) p ∤ Nl
(2) l ∤ p2 − 1
(3) ̟n | p+ 1− ǫp(f)ap(f) with ǫp(f) = 1.
The GQ-equivariant pairing N
⋄
n(f )(−1)×M
⋄
n(f)(−1)→ On(1) induces for each place v of Q a local
Tate pairing
( , )v : H
1(Qv,N
⋄
n(f)(−1)) ×H
1(Qv,M
⋄
n(f)(−1))→ H
1(Qv,On(1)) ∼= On.
We will write (s, t)v for s ∈ H
1(Q,N⋄n(f)(−1)) and t ∈ H
1(Q,M⋄n(f )(−1)) instead of (locv(s), locv(t))v .
Let H1f (Ql,M
⋄(f )(−1)) be the pullback of H1f (Ql,V
⋄(f)(−1)) under the natural map
H1(Ql,M
⋄(f)(−1))→ H1(Ql,V
⋄(f)(−1)).
We define H1f (Ql,M
⋄
n(f)(−1)) to be the reduction of H
1(Ql,M
⋄(f)(−1)) modulo ̟n. Similarly, we
let H1f (Ql,N
⋄(f)(−1)) be the image of H1f (Ql,V
⋄(f )(−1)) in H1(Ql,N
⋄(f)(−1)). Then we define
H1f (Ql,N
⋄
n(f)(−1)) to be the pullback of H
1
f (Ql,N
⋄(f)(−1)) under the natural map
H1(Ql,N
⋄
n(f)(−1))→ H
1(Ql,N
⋄(f )(−1)).
The following lemma summarizes well-known properties of the local Tate pairing.
Lemma 4.7. We have the following statements.
(1) The sum
∑
v( , )v restricted to H
1(Q,N⋄n(f )(−1)) × H
1(Q,M⋄n(f )(−1)) is trivial. Here v
runs through all places in Q.
(2) For every v 6= l, there exists an integer nv ≥ 1 independent of n such that the image of the
pairing
( , )v : H
1(Qv,N
⋄
n(f)(−1)) ×H
1(Qv,M
⋄
n(f)(−1))→ H
1(Qv,On(1)) ∼= On.
is annihilated by ̟nv .
(3) For every v 6= l, the finite part H1fin(Qv,N
⋄
n(f)(−1)) is orthogonal to H
1
fin(Qv,M
⋄
n(f)(−1))
under the pairing ( , )v. Similarly, H
1
f (Ql,N
⋄
n(f )(−1)) is orthogonal to H
1
f (Ql,M
⋄
n(f )(−1)).
(4) Let p be a (n, 1)-admissible prime for f , then we have a perfect pairing
H1fin(Qp,N
⋄
n(f )(−1))×H
1
sing(Qp,M
⋄
n(f)(−1))→ On
of free On-modules of rank 1.
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Proof. The statement (1) follows from global class field theory. Part (2) follows from the fact that
H1(Qv,V
⋄(f)) = 0 for all v ∤ l and thus H1(Qv,M
⋄(f)) is torsion for all v ∤ l, see [Liu1, Lemma 4.3].
Part (3) is well-known, see [DDT, Theorem 2.17(e)] for the first statement and [Liu1, Lemma 4.8]
for the second statement.
For (4), it follows from the definition of an (n, 1)-admissible prime for f that Mn(f) is unramified
at p and Mn(f) ∼= On ⊕O
⊕3
n (1)⊕O
⊕3
n (2)⊕On(3) as a Galois module for GQp . Then it follows from
a simple computation that M⋄n(f)
∼= On ⊕On(1)⊕On(2)⊕On(3). From this, it follows immediately
that both H1sing(Qp,M
⋄
n(f)(−1)) and H
1
fin(Qp,M
⋄
n(f)(−1)) are of rank 1 over On. The last claim also
follows form this. 
Let n ≥ 1. Consider the Abel-Jacobi map
AJ⋄f ,n : CH
2(X3 ⊗Q)→ H1(Q,M⋄n(f)(−1))
constructed by composing the Abel-Jacobi map (3.3) with the natural projection map fromMn(f )(−1)
to its symmetric cube component M⋄n(f)(−1). We will denote by Θ
⋄
n ∈ H
1(Q,M⋄n(f)(−1) the image
of the Gross-Schoen diagonal cycle θ∗[X ⊗ Q] under this map. Let p = (p, p
′) be a pair of (n, 1)-
admissible primes for f . Then we have the Shimura curve X♮ and its integral model X♮ over Z(p′)
considered in the setting of ramified arithmetic level raising. We can also consider the Abel-Jacobi
map
AJ⋄
f [p],n
: CH2(X♮ ⊗Q)→ H1(Q,M
⋄[p]
n (f)(−1))
constructed by composing the Abel-Jacobi map (3.4) with the canonical projection of M
[p]
n (f)(−1)
to its symmtric cube component M
⋄[p]
n (f)(−1). We denote by Θ
⋄[p]
n ∈ H1(Q,M
⋄[p]
n (f)(−1)) the image
of θ♮∗[X
♮ ⊗ Q] under AJ⋄
f [p],n
. The following theorem summarizes the reciprocity laws satisfied by
(Θ⋄n,Θ
⋄[p]
n ) and shows that those elements (Θ⋄n,Θ
⋄[p]
n ) form a Bipartite Euler system in the sense of
[How].
Theorem 4.8. Let p = (p, p′) be a pair of (n, 1)-admissible primes for f . Suppose f satisfies
Assumption 2.6. Then the following statements hold.
(1) There is an isomorphism
⊗3i=1Γ(X
D,O)
/I
[p]
f,n
∼= H1fin(Qp,M
⋄
n(f)(−1))
under which
(locp(Θ
⋄
n), φ⊗ φ⊗ φ) =
∑
z∈XD
φ(z) · φ(z) · φ(z)
holds for every φ ∈ Γ(XD,O)[I
[p]
f,n].
(2) There is an isomorphism
⊗3i=1Γ(X
D,O)
/I
[p]
f,n
∼= H1sing(Qp′ ,M
⋄[p]
n (f)(−1))
under which
(∂p′Θ
⋄[p]
n , φ⊗ φ⊗ φ) = (p
′ + 1)3
∑
z∈XD
φ(z) · φ(z) · φ(z)
holds for any φ ∈ Γ(XD,O)[I
[p]
f,n].
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(3) In particular,
(∂p′Θ
⋄[p]
n , φ⊗ φ⊗ φ) = (1 + p
′)3(locp(Θ
⋄
n), φ⊗ φ⊗ φ)
for any φ ∈ Γ(XD,O)[I
[p]
f,n].
Proof. Part (1) is the consequence of the unramified level raising and the second reciprocity law
for the Gross-Schoen diagonal cycles proved in Corollary 3.6 and Theorem 3.8. We simply need to
project the corresponding formulas to its symmetric cube component and unwind the definitions.
Part (2) is the consequence of the ramified level raising and the first reciprocity law for the Gross-
Schoen diagonal cycles recalled in Theorem 3.10. It was used in [Wang, Theorem 4.7] to bound the
Selmer group in rank 0 case. 
Proof of Theorem 4.5. We proceed by assuming that the dimension of H1f (Q,V
⋄(f)(−1)) is greater
than 1 and we will derive a contradiction from this. Consider the element Θ⋄f in the statement of the
theorem. Assume it is non-zero, then we can alway find an integer n ≥ 1 large enough such that the
element Θ⋄n is non-zero in H
1(Q,N⋄n(f )(−1)). By [Liu1, Lemma 5.9], we can find a free On-module
S of rank 2 in H1f (Q,N
⋄
n(f )(−1)) with a basis {s, s
′} such that Θn = ̟
n0s for some n0 < n.
Under the assumptions in the theorem, there are infinitely many strongly n-admissible primes for
f by the proof of [BD3, Theorem 3.2]. By the same argument as in [LT, Theorem 5.7] which relies
on [Liu2, Lemma 4.16, Lemma 4.11], we can choose a pair of admissible primes p = (p, p′) such that
• the image of locp(s
′) in H1fin(Qp,N
⋄
1(f)(−1)) is 0;
• the image of locp(s) in H
1
fin(Qp,N
⋄
1(f)(−1)) is non-zero;
• the image of locp′(s
′) in H1fin(Qp′ ,N
⋄
1(f)(−1)) is non-zero.
By [Liu1, Lemma 3.4], s′ ∈ H1fin(Qv,N
⋄
n(f )(−1)) for all v 6∈ {l,N} and s
′ ∈ H1f (Ql,N
⋄
n(f)(−1)).
We consider the element Θ
⋄[p]
n ∈ H1(Q,M
⋄[p]
n (f )(−1)) ∼= H1(Q,M⋄n(f)(−1)). This element has the
following properties
• locv(Θ
⋄[p]
n ) ∈ H1fin(Qv,M
⋄
n(f)(−1)) for all v 6∈ {l, p, p
′, N};
• locl(Θ
⋄[p]
n ) ∈ H1f (Ql,M
⋄
n(f)(−1)).
These properties follow from the fact that X♮3 has good reduction away from pp′N . By Lemma 4.7
(2) and (3), there is an integer nN ≥ 1 such that
(4.1) ̟n |
∑
v 6∈{p,p′}
̟nN (s′,Θ
[p]
n )v.
Since locp(s
′) = 0 in H1fin(Qp,N
⋄
1(f)(−1)), (s
′,Θ
[p]
n )p = 0. Let φ ∈ Γ(X
D,O)[I
[p]
f,n] be a generator
for the rank one space Γ(XD,O)[I
[p]
f,n]. By the choice of s, we have ̟
n0 | (locp(Θ
⋄
n), φ ⊗ φ⊗ φ) but
̟n0+1 ∤ (locp(Θ
⋄
n), φ⊗ φ⊗ φ). Since we have the following equation
(∂p′Θ
⋄[p]
n , φ⊗ φ⊗ φ) = (1 + p
′)3(locp(Θ
⋄
n), φ⊗ φ⊗ φ)
by Theorem 4.8 (3) and l ∤ p′ + 1,
(4.2) ̟n0 | (s′,Θ
[p]
n )p′ but ̟
n0+1 ∤ (s′,Θ
[p]
n )p′ .
We can choose n, n0, nN such that n > n0 + nN . By Lemma 4.7 (1),
̟n |
∑
v
(s′,Θ
[p]
n )v
26 HAINING WANG
where the sum runs through all the places v of Q. This implies ̟n−nN | (s′,Θ
[p]
n )p′ by (4.1). This is
a contradiction to (4.2). 
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